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CoNTINUITY EQUATION 1

L+ V- (ov) =

p = (probability) density

v = velocity field

A in mass = flux in/out of volume:

=[S dt=— [,V (pv)dx=—[,,pv-hdS



ConNTINUITY EQuATION 11

dMv — 0 if the supp(p) < V

For measures:
74

Orpe + V- (eve) =0

in the weak sense:

Jo J 0o+ (v, Vo) dpe dt =0 Voo € C(RY x (0, T))



LAGRANGIAN DESCRIPTION I

Eulerian: ve :
110 H1
Given v;, have flow equation: TN

Xt = Vt(Xt)
Xo = id




LAGRANGIAN DESCRIPTION I1

Deﬁne (Here T#p = v if for or for any test function ¢ € Ll(du)
any measurable A Jely) dv(y) = [ o(T du(x) )
pe = Xe#pio v(A) = W(T~L(A)

Then (formally), {1t} ¢cpo, 7] satisfy the continuity equation:

p e Cfo(Rd X (07 T)); \U(X’ t) = @(Xt(x)v t)
/0 / Do) + (), () dpe(x)
- / ' / Bep(Xe(x), £) + (Ve(Xe(x), Vip(Xe(x))) dpio(x) dlt

//Rd —(x, t) duo(x) dt

= [ #Xr(:. T) = (x.0) dio(x)

0



WASSERSTEIN DISTANCE

M*

M
(density) flow map)
= -V (pVp); gp(s1,%) = [pVp1-p2 gs(v1,v2) = [(v1-v2)po
(non-flat) (flat)
. .
(Induced distance: XO% X1
. ———

d(x0,x1)2 = inf{ 3 By, ) dt: 1o x(2) € M, x(0) = 30, x(1) =x1} )

Upshot: F. Otto. - ‘
The geometry of dissipative evolution eqns:
the porous medium equation.

d(po, p)2 = info.p—dxp, fPO‘id = ¢|2 Comm. PDE, 26 (2001), 101-174.




A.C. CURVES AND THE CONTINUITY EQUATION

Definition. Let

(R, Wa)

denote the space of probability measures with bounded second moment equipped with the Wasserstein distance
2 . 2
Wi(u,v) =min [ lx=yI? dylx,y) iy € T, v)
RA xR

g, v) ={~v:~v(Ax Rd) = pn(A) and —y(Rd X B) = v(B), for all measurable A and B}

Theorem. There is a correspondence:

{A.C. curves in Z25(R?, W)} <= {velocity fields v € L?(dput)}
via

1
Oepe +V - (vepe) =0 and - lim sz(HHh:M)(S) = llvelli2uy) o
Thus ) Pt
W (0, p11) = min {/0 vellF2 gy * Oebte + V- (vepse) = 0} i“
and

d . - — =L (dn)
Tu PR, Wa) = {Vp : p € C(RY)}



HamiLToNIAN ODE 1

Hamiltonian Dynamics. B2 5 x = (p, q) = (momentum, position)

1
Eg. H(p,q) = Ipl* + ©(q)

. p 0 —Id Hp
_ _ = JVH
) < q ) ( Id 0 > ( Hg > v
Start with measure, infinite dimensional Hamiltonian system?

Definition (Hamiltonian ODE). H: ,@2(R2d) = (700, OO] (proper, lowersemicontinuous).
A.C. curve {u¢}o, 1) is Hamiltonian ODE w.r.t. 7 if

Ave € L2(dpe),  lvelli2gap) € L0, T)

L. Ambrosio and W. Gangbo. Hamiltonian
ODE's in the Wasserstein Space of Probability
Messures, Comm. in Pureand Applisd Maths,
61, 18-53 (2007).

such that

W. Gangbo, H. K. Kim, and T. Pacini. Differ-

: . — =T ential forms on Wasserstein space and infinite
Orpe +V ("H Vit t) 0, Ko=H, t€ (0’ T) dimensional Hamiltonian systems. To appear
Ve € Ty P2(R?4) N 0 (1¢) for a.e., t

in Memoirs of AMS.




HaMmiLTtoNiAN ODE 11

Example.
() = §/|p|2 du+/¢(q) du+§/(vv*u)(q) du
VA1) = (b — (VW 5 1+ 0)(q))

Theorem. (Ambrosio, Gangbo) Suppose .7 : Z(R??) — R satisfies
VA (x)| < C(1+|x])
o If pn = pn??, = pL?? and pp — p then VIt (un, ), — VI (1)1t
Then given i = p.£%:
oThe Hamiltonian ODE admits a solution for t € [0, T]
o t — pq is L=Lipschitz
o If # is A—convex, then J(u;) = H(I).



MASS REACHING INFINITY IN FINITE TIME

Condition ().
What about other

We are solving Hamiltonians? E.g.,

81—},& + AV (JIV%”M) = 0; Vi 1= JV%(M) (q)

Recall characteristics /\
Xr = Vt(Xt); Xo =id \/ 7

lve(x)] < C(1+ |x]) = |Xe| S (1 + [ Xol):
preserves compact support, second moment...

Explicit Computation. |v:(X;)| = C(1 + [X:[)F,R > 1

R—1
| Xe| . 1
[Xol 1 — (R — 1)|Xo|R—1

1
X ~» 00  at time T(X):W<oo
—1)|x|R—



REGULARIZATION: FADE WITH ARC LENGTH

o °° -
( [ o
"
Xe = ve(Xe) M, = Mye— Jo GO6)Ivs(Xo)] ds

For simplicity, Cs :==¢



INHOMOGENEOUS CONTINUITY EQUATION

8,U¢

(W) EJFV'(Vth):*g\Vt\Hr
Given pg, v, define )
py = Xe#pio K : - N\
R:(X:) = exp(—e¢ /ot |v+(X) ds) " / \ \\
then ‘ {\ ) }
pe = Repy \\ S o //
satisfies (#). N 7

Proposition. (#) preserves a—exponential moments for a < ¢, since

distance tranveled < arclength



A DISTANCE FOR MEASURES 1

Observation. If D; and D, are distances, then so is D' = \/D? + D3.

Fix € > 0 and consider
L%OC’E(de, BQ)Z

{(positive) Borel measures

. : o
with e—exponential moment}

with distance

822(/’6’ V) = W22(ﬁ7§) + (Mu - My)2




A DISTANCE FOR MEASURES 11

Geodesics of B;. Geodesic in (2, Ws) + linear decay of mass

[(8) = \JIF](£))2 + (M:)?



CoNTINUITY OF DYNAMICS 1

Example. Holder-1/2 Continuity; moment assumption needed.

120] U I
0 1/2 o 1/2 @ 1/2(1+rh)
|
| | |
b D D
| P | |
° e °
1/2 st 1/2 — kh 1/2(1 — kh)




CONTINUITY OF DyNAMICS 11

Lemma. Let pg € # . Let us assume that we have
(time—dependent) velocity fields v; satisfying

ve(x)| < C(1+ Ix])F
for some constants C, R > 0. Then if (u$)¢c[o, 7] is a solution to

ou

ot
3(C, R, e)—dependent constant G < oo such that Vt,t+ h € [0, T]
with h < hg for some hg > 0 sufficiently small

+ V- (vepz) = —€lvelpg,

Ba(us, Mi+h) < GMOO,E(MO)\/E



APPLICATION TO HAMILTONIAN ODE 1

Theorem. (Chayes, Gangbo, L.) Fix e >0 and T > 0.
Suppose H : Moo — R and v, 1= JVI# (1) satisfies
o vu(x) < C(1+ |x])R
o If pup — p narrowly, then p,v,, — pv,
Then given f1g € A ¢, there exists a solution to
Ops
ot

+ V- (vepis) = —efvelpy, £ €0, T]

with
vi = IV (p3).

Furthermore, there exists ¢ — 0 limiting measures {/i¢}+co,7]-



APPLICATION TO HAMILTONIAN ODE 11

Current Work.

o Appropriate limiting measures satisfy the continuity equation.

o Dependence on limiting procedure.

o Appropriate conservation laws (mass, energy, etc.).
Questions.

o Different inhomogeneous equation?

o Different distance?

o Relation between the two?

o Physical systems of relevance?
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